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Abstract
Investigation of two-dimensional steady laminar magneto-convection heat transfer of (Ag,TiO2) water based nanofluids with
variable properties inside a heat generating square enclosure having different thermal boundaries is done numerically in this paper.
The governing equations are solved utilizing the finite volume method with power-law scheme and SIMPLE algorithm is used for
handling the pressure-velocity coupling. The algorithm and the computer code have been also compared with numerical results
in order to verify and validate the model. By using the developed fortran code, the effects of Hartmann number, heat generation
(or absorption), Reyleigh number and solid volume fraction on the flow and thermal fields and heat transfer inside the enclosure
are studied. Results are demonstrated in the form of streamlines, isotherms and average Nusselt number.
c⃝ 2016 The Authors. Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
Natural Convection is the main heat transfer mechanism used in numerous engineering and technological
applications. Heat transfer within enclosures has many engineering applications such as solar collectors, thermal
storage systems and cooling of electrical and electronic equipments, heat exchangers, energy systems and mechanical
components. The first work on the numerical simulation of free convection heat transfer inside enclosures was done
by Davis [1].
Commonly used fluids, such as water, mineral oil, etc., have very low thermal conductivity. Taking into account,
there is a necessity to emerge new kind of fluids that will be more efficacious in heat transfer. Nanofluids were
introduced in order to get past the above requirement. Fluids with nano-meter sized particles suspended into them
was called nanofluids. The use of nanoparticles in the base fluid enhances heat transfer. Convection heat transfer
of nanofluids in enclosure was investigated by some researchers by considering different models of nanofluid
properties. It aims at manipulating the structure of the matter at the molecular level with the goal for innovation
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Nomenclature
Alphabets
B0 Magnetic field strength (N/A m2)
C p Specific heat (J kg−1 K−1)
g Acceleration due to gravity (m s−2)
Ha Hartmann number (B0L

σ f /ρ f ν f )
K Thermal conductivity (W m−1 K−1)
L Length of the enclosure (m)
Num Average nusselt number (h L/K)
P Non-dimensional pressure
Pr Prandtl number (ν f /α f )
q0 Heat generation (absorption) (W/m3 K)
Q Non-dimensional heat generation (absorption) (q0L2/((ρC p)n f αn f ))
Ra Rayleigh number (gβ f (Th − Tc)L3)/ν f α f
T Temperature (K)
U, V Non-dimensional velocity components
W Width of the solid body
X, Y Non-dimensional co-ordinates
Greek symbols
α Thermal diffusivity (m2 s−1)
α Thermal diffusivity (m2 s−1)
θ Non-dimensional temperature
φ Solid volume fraction
µ Dynamic viscosity (N s m−2)
ν Kinematic viscosity (m2 s−1)
ρ Density (kg m−3)
σ Electrical conductivity (A m/V)
Ψ Non-dimensional stream function
Subscripts
c Cold wall
f Pure fluid
h Hot wall
n f Nanofluid
p Particle
s Solid
in virtually every industry and public endeavor including biological sciences, physical sciences, electronics cooling,
transportation, the environment and national security. Choi and Eastman [2] were the first authors proposed the
fluids with suspended nanoparticles to enhance the thermal conductivity of pure fluids. Several researchers used
so many models to calculate the physical properties of nanofluid. Lee et al. [3] experimentally investigated the
viscosities and thermal conductivities of water-based nanofluids having nanoparticles of low concentration. Abu-
Nada and Chamkha [4] performed a numerical study of natural convection heat transfer in a differentially heated
enclosure filled with CuO–EG–water nanofluid. Their results were compared with Brinkman model and MG models
for nanofluid viscosity and thermal conductivity. Natural convection of SiO2–water nanofluid using two different
models has been studied by Jahanshahi et al. [5]. In the first model they employed a set of experimental data for
thermal conductivity of nanofluid and in the second model they calculated the thermal conductivity from the equation
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recommended by Hamilton and Crosser [6]. Their results shows an enhancement in thermal conductivity was due
to adding of nanoparticles at both models. To estimate the thermal conductivity of nanofluids, many models have
been developed. Based on these proposed correlations, viscosity of nanofluids increased by increasing nanoparticle
volume fraction. It was also noted that, adding nanoparticles into the base fluid does not always increases the thermal
conductivity. Teja et al. [7] reported that the thermal conductivity of 2 nm titania nanoparticles was smaller than the
thermal conductivity of the base fluid at the same temperature. They also found that this behavior was unlike that of
other nanofluids, which has been shown to exhibit positive thermal conductivity enhancements. A critical synthesis
of thermo-physical characteristics of nanofluids was studied by Khanafer and Vafai [8]. Authors in [9] and [10]
examined the convective transport and heat transfer characteristics of nanofluids. Odejide [11] concluded that the
fluid temperature increases with an increase in fluid Prandtl number or Reynolds number with maximum magnitude
at the pipe center and minimum at the wall. Also, the rate of heat transfer across the wall decreases with increases in
the Prandtl number.
Controlling of convection phenomena in industrial and scientific applications is an interesting concept. In case of
free convection of an electrically conducting fluid in presence of a magnetic field, there should be two body forces,
i.e., a buoyancy force and a Lorentz force. The buoyancy force aids the natural convection, but the Lorentz force
oppose them. These two important forces interact with each other and affect the transport phenomena of heat. It was,
therefore, important to observe the detailed attributes of transport phenomena in such a process, as their applications
reside in many industrial fields, such as electric propulsion for space exploration, crystal growth in liquids, cooling of
nuclear reactors, electronic packages, micro electronic devices, etc. Venkatachalappa and Subbaraya [12] and Oztop
et al. [13] studied the magnetic field with a uniform heat flux. They observed that the average Nusselt number decreases
with an increase of Hartmann number. Rudraiah et al. [14] reported that, for sufficiently large Ha, the convection was
suppressed. Andreev et al. [15] found that the influence of the magnetic field results in reduction of the wavelength
of the convective flow. The magnetic field decreased the intensity of free convection and flow velocity was suggested
by Jani et al. [16] and Taghithani and Chavoshi [17]. Recently, Bhuiyan et al. [18] observed the Hartmann number
effect on free convective flow in a square enclosure with various locations of heated square block. They found that the
increase in Hartman number leads to decrease in the local Nusselt number at the top wall of the enclosure for LBC and
RTC but increase for the RBC and LTC. Animasaun [19] showed that Lorentz force has the tendency to slow down
the motion of the fluid in the boundary layer. Also, the effects on the flow, thermal and diffusion fields become more
so as the strength of the magnetic field increases.
Convective flow with different thermal boundaries (isoflux, isothermal, linearly heated, sinusoidal heating and
adiabatic) has many engineering and industrial applications such as energy efficient design of building and room,
operation and safety of nuclear reactors and convective heat transfer associated with boilers. Sathiyamoorthy et al. [20]
and Basak et al. [21] investigated the effect of various thermal boundary conditions on natural convection flows within
a square enclosure. They suggested that, heat transfer was high in non-uniformly heated bottom wall when compare to
uniformly heated case for all Rayleigh number. Moreover, Aswatha et al. [22] observed that the uniform temperature
at the bottom wall gave higher Nusselt number compared to the sinusoidal and linearly varying temperature cases.
Natural convection around a heat conducting and generating solid body inside a square enclosure with different
thermal boundaries has been studied by Nithyadevi and Umadevi [23]. Also, Nithyadevi and Umadevi [24] performed
numerical analysis on natural convection in a tilted square enclosure having heat generating solid body and with
various thermal boundaries. In both of their studies, they analyzed the detailed effect of various thermal boundary
conditions including sinusoidal heating.
MHD Boundary layer slip flow and heat transfer of nanofluid past a vertical stretching sheet with non-uniform
heat generation/absorption was investigated by Das et al. [25]. They reported that the velocity of nanofluid accelerates
and the temperature of the nanofluid reduces due to increasing in thermal buoyancy force. Das et al. [26] studied the
magnetohydrodynamic mixed convective slip flow over an inclined porous plate with viscous dissipation and Joule
heating. They concluded that an increase in velocity slip at the sheet leads to increase the fluid temperature within
the boundary layer, while an increase in thermal slip reduces the temperature distribution. Also the fluid temperature
inside the boundary layer reduces when the values of the Prandtl number increase and the slip parameters always
lead to thinning of the thermal boundary layer. Entropy analysis of unsteady magneto-nanofluid flow past accelerating
stretching sheet with convective boundary condition has been numerically carried out by Das et al. [27]. They observed
that the velocity and temperature of the nanofluids reduced due to the increase in the unsteadiness parameter and the
presence of a uniform magnetic field enhanced the fluid velocity whereas the temperature of the fluid fell when the
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volume fraction parameter increases. They also suggested that shear stress and the heat transfer rate at the surface
enhanced due to the increase in the nanoparticle volume fraction. Entropy analysis on MHD seudo-plastic nanofluid
flow through a vertical porous channel with convective heating was performed by Das et al. [28]. They found that the
fluid temperature increases for increasing values of Biot numbers, increasing power-law index was to reduce entropy
generation rate. Also the channel walls act as strong source of entropy and heat transfer irreversibility.
The present study reports the computations of magneto-convection in a two-dimensional square enclosure with
various thermal boundaries having uniform heat generation. Left and bottom walls are sinusoidal and uniformly
heated respectively, where the right one is cold and the top wall is adiabatic. The aim of the study is to illustrate
the fluid flow and heat transfer behavior inside the enclosure for different Hartmann number, heat generation and for
various Rayleigh number, solid volume fraction along with various thermal boundary conditions.
2. Mathematical formulation
Consider a system of steady state, two-dimensional natural convection heat transfer of laminar flow in a square
enclosure of length L in presence of heat generation or absorption including magnetic field of uniform strength B0.
The left wall of the enclosure is heated sinusoidal as Tc + (Th − Tc)A sin2( 2πyL ), while the bottom and right wall are
maintained at uniform temperature Th and Tc (where Th > Tc) respectively and the top one is kept adiabatic. Also, the
enclosure is filled with water based nanofluids (Ag,TiO2). It is assumed that both fluid (water) and the nanoparticles
are in thermal equilibrium and there is no slip between them. The thermophysical properties of nanoparticles and
water are listed in Table 1. The thermophysical properties of the nanofluid are considered constant with the exception
of the density which varies according to the Boussinesq approximation. The physical problem as well as its boundary
conditions in the present study is shown in Fig. 1. Gravity acts normal to x-axis and the radiation effect is assumed to
be negligible. With these assumptions, the governing equations including continuity, momentum and energy as follows
∂u
∂x
+ ∂v
∂y
= 0 (1)
u
∂u
∂x
+ v ∂u
∂y
= 1
ρn f

−∂p
∂x
+ µn f

∇2u

(2)
u
∂v
∂x
+ v ∂v
∂y
= 1
ρn f

−∂p
∂y
+ µn f

∇2v

+ g(ρβ)n f (T − Tc)− σn f B20ν

(3)
u
∂T
∂x
+ v ∂T
∂y
= αn f (∇2T )+ q0
(ρC p)n f
(T − Tc). (4)
Here,
αn f = kn f /(ρC p)n f , σn f = (1− φ)σ f + φσp, ρn f = (1− φ)ρ f + φρp
(ρC p)n f = (1− φ)(ρC p) f + φ(ρC p)p, (ρβ)n f = (1− φ)(ρβ) f + φ(ρβ)p.
The effective dynamic viscosity of the nanofluid is expressed by using Brinkman’s formula [29]
µn f = µ f (l − φ)−2.5.
Thermal conductivity of the nanofluid for spherical nanoparticles is given by Maxwell [30]
kn f = k f

(kp + 2k f )− 2φ(k f − kp)
(kp + 2k f )+ φ(k f − kp)

.
The dynamic and thermal boundary conditions in dimensional form are:
x = 0 : 0 ≤ y ≤ L u = v = 0, T = Tsin = Tc + (Th − Tc)A sin2

2πy
L

(5)
x = L : 0 ≤ y ≤ L u = v = 0, T = Tc (6)
y = 0 : 0 ≤ x ≤ L u = v = 0, T = Th (7)
y = L : 0 ≤ x ≤ L u = v = 0, ∂T
∂y
= 0. (8)
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Fig. 1. Schematic of the problem.
Table 1
Thermophysical properties of water and nanoparticles.
ρ (kg m−3) β (K−1) k (W m−1 K−1) Cp (J kg−1 K−1)
Pure water 997.1 21× 10−5 0.613 4179
Silver (Ag) 10,500 1.89× 10−5 429 235
Titanium (TiO2) 4250 0.9× 10−5 8.9538 686.2
The above equations and boundary condition can be non-dimensionalized using the following non-dimensional vari-
ables and parameters.
(X, Y ) = (x, y)
L
, (U, V ) = (u, v)
α f /L
, P = (p + ρogy)L
2
ρn f α
2
f
, θ = T − Tc
Th − Tc . (9)
Ra = gβ(θh−θc)L3
α f ν f
Rayleigh number, Pr = ν f
α f
Prandtl number, Ha = B0L

σ f
ρ f ν f
Hartmann number, Q = q0L2
(ρCp)n f αn f
Heat Generation or Absorption.
In order to calculate the total heat transfer rate the non-dimensional parameter, average Nusselt number, Nu is
used. The heat transfer across the walls of the enclosure is defined as:
Nuleftwall = Nurightwall =
 1
0

−kn f
k f
∂θ
∂X

wall
dY.
Nubottomwall =
 1
0

−kn f
k f
∂θ
∂Y

Y=0
dX.
3. Method of solution
A finite volume method based on SIMPLE algorithm as proposed by Patankar [31] is used to solve the
non-dimensional conservation equations for mass, momentum and energy with appropriate boundary conditions
numerically. Power-law scheme is utilized to approximate the convection and diffusion terms. The algebraic system
resulting from numerical discretization was calculated using tridiagonal matrix algorithm (TDMA) applied in a line
passing through every control volumes in the computational domain. The solution procedure is iterated until the
following convergence criterion is satisfied |φ
n+1
i, j −φni, j
φn+1i, j
| < 10−6. The numerical code is validated against the results
of natural convection of water based nano-fluids inside the enclosure developed by Cheikh et al. [32] for Ag–water
nano-fluid and for different Ra and φ. Table 2 shows the comparison value of Nusselt numbers. The results are found
to be in good agreement with present solutions.
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Fig. 2. Streamlines for various φ with different Ra with Ha = 20, Q = 10.
Fig. 3. Isotherms for various φ with different Ra with Ha = 20, Q = 10.
To verify grid independence, numerical procedure was carried out for six different mesh sizes, namely; 81 × 81,
91× 91, 101× 101, 111× 111, 121× 121 and 131× 131. Average Nu of the hot wall is obtained for each grid size.
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Fig. 4. Streamlines for various Ha and different Q with Ra = 105, φ = 0.05.
Table 2
Nusselt number at hot wall for various Ra and φ.
Ra φ = 0.05 φ = 0.10 φ = 0.15 φ = 0.20
Cheikh et al. [32] Present Cheikh et al. [32] Present Cheikh et al. [32] Present Cheikh et al. [32] Present
5× 103 2.522 2.520 2.809 2.811 3.161 3.160 3.575 3.571
5× 104 5.148 5.145 5.400 5.403 5.607 5.609 5.762 5.760
5× 105 9.158 9.157 9.680 9.683 10.18 10.182 10.66 10.661
An 121 × 121 uniform grid size, yielded the required accuracy and was hence applied for all simulation exercises in
this work as presented in the following section.
4. Result and discussion
In this article, the magneto-convection flow inside the square enclosure including heat generation (or absorption)
with different thermal boundaries are simulated. The numerical computation was performed for a range of Ha = 0 to
100, Q = −20 to 20, Ra = 103 to 106 and φ = 0.01 to 0.1.
4.1. Effect of Rayleigh number and solid volume fraction
Figs. 2 and 3 shows the streamlines and isotherms of Ag–water nanofluid for various φ with different Ra and with
fixed Ha = 20 and Q = −20. For small values of Ra (103, 104), streamlines and isotherms shows the similar pattern
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Fig. 5. Isotherms for various Ha and different Q with Ra = 105, φ = 0.05.
indicating that only conduction dominated heat transfer across the enclosure. On gradually increasing Ra leads to
the acceleration of buoyancy force. Nature of this buoyancy force advances the motion of nanoparticle. As a result,
heat transfer increased. And for Ra = 106, horizontal and parallel isothermal line pattern is found which seems that
convection dominated heat transferred inside the enclosure.
Moreover, the dispersion of nanoparticles enhances the heat transfer and it is further increased by increasing
the solid volume fraction (φ) of the particle. These Figs. (Figs. 2 and 3) represents slight effect on increasing φ.
But enhancement of heat transfer is noticed on comparing φ = 0 and φ = 0.1. Ag-nanoparticle has high thermal
conductivity as compared to Tio2 nanoparticle. So the enhancement of heat transfer is high in Ag–water nanofluid.
Also it is noted that, the higher heat transfer is achieved by choosing very high thermal conductivity nanoparticles.
4.2. Effect of Hatrman number and heat generation
Figs. 4 and 5 demonstrate the flow and temperature field for different Ha with varying Q and fixed Ra = 105,
φ = 0.05. Always introduction of magnetic field tends to reduce in heat transfer. At the time of absence of magnetic
field (Ha = 0), heat transfer is an increasing function of Q. i.e., increase in heat generation results to increase in heat
transfer inside the enclosure. Streamlines shows only single counter pattern for Q ≤ 0. As Q > 0, the heat generation
turns on and single large major contour gets divided vertically into two contours indicating the higher velocity of fluid
inside the enclosure.
As magnetic field is applied, Lorentz force is activated inside the enclosure. According to heat absorption and
absence of heat generation the magnetic field suppress the heat transfer. At the situation of heat generation inside the
enclosure, the magnetic field gets suppressed and the heat transfer is increased as Ha increases. As Q ≤ 0, the single
cell pattern changes into horizontally divided multi-cellular pattern for increasing Ha. This is because of absence of
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Fig. 6. Nusselt number graph for various parameters at three different thermal boundaries.
heat generation or heat absorption. As a contradiction, on increasing Q from 0, i.e., in the case of heat generation,
vertically subdivided cellular pattern is found showing the increase in Ha gives raise to increasing heat transfer.
It is clearly understandable that on Q > 0, the heat generation influences on the magnetic field and make them to
suppress. Also gradual increase in Hartmann number causes heat transfer decreases only for Q ≤ 0 and for Q > 0 it
gets increased for the increasing value of Hartmann number. Fig. 5 demonstrates the corresponding isothermal lines
which shows the same effect.
4.3. Effect of various thermal boundaries
Four different walls of the enclosure experiences dissimilar thermal boundaries. That is, left vertical wall is heated
non-uniformly using sin function. The bottom and right vertical wall are maintained at constant temperature Th and
Tc (Th > Tc) respectively. Also the top one is adiabatic wall which is non-conducting. The effect of influential
parameter like solid volume fraction (φ), Rayleigh number (Ra), Hartmann number (Ha) and the heat generation
parameter (Q) on various thermal boundaries for two different nanofluids (Ag–water,TiO2) are depicted in Fig. 6. As
solid volume fraction increases, the size of the solid particles which are dispersed in the base fluid are increased. As
a result it leads to increase in heat transfer. At all walls of the enclosure, Nusselt number increases for the increasing
value of φ (Fig. 6(a)). Fig. 6(b) shows the graph of Nusselt number for the increasing value of Ra in three different
thermal boundaries and for different nanofluids. It is noted that, increasing value of heat transfer is achieved by
increasing the Rayleigh number in sinusoidal heated wall and cold wall. But, a contrary, heat transfer decreases
with increasing value of Rayleigh number in constantly heated wall. Equivalent reaction is observed (Fig. 6(c)) in
increasing of heat generation parameter. In nature, Ha increases, the heat transfer decreases. Because the Lorentz
force opposes the buoyancy force. So the Nusselt number graph decreases for the increasing value of Ha in sinusoidal
heated wall and cold wall. Also the constantly heated wall experiences the opposite reaction when compare to other
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two walls (Fig. 6(d)). Fluid involved in this investigation are pure water, Ag–water and TiO2–water nanofluid. Thermal
conductivity of Ag nanoparticle is higher than Ti nanoparticle. So, heat transfer is enhanced highly in Ag–water
nanofluid when compare to Ti–water nanofluid. It is conclude that heat transfer attained its maximum level in cold
wall by using Ag–water nanofluid in all cases.
5. Conclusion
• Nanoparticles having high thermal conductivity enhances heat transfer more than the particle having low thermal
conductivity.
• Heat transfer increases for the increasing value of solid volume fraction.
• As Rayleigh number increases, heat transfer get increased in constantly heated wall and the cold wall. But it get
declines in sinusoidal heated wall.
• As Hartmann number increases, heat transfer get decreased in constantly heated wall and the cold wall. But it
enhanced in sinusoidal heated wall.
• Rayleigh number increases the buoyancy force but Hartmann number (magnetic field) conceals them.
• Increasing value of Hartmann number leads to the decrease in heat transfer during the heat absorption and it get
increased at the time of heat generation inside the enclosure.
• At the heat absorption the Nusselt number graph increases for sinusoidal heated wall and cold wall meanwhile it
decreases for cold wall. Opposite reaction was found in heat generation.
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